Barotropic fluids, for which the pressure is only a function of the density, rotate on cylinders in the presence of a gravitational potential, so that the angular frequency of such a disk is independent of height. Therefore the shearing box framework, representing a small disk volume with height-independent angular frequency, can consistently model barotropic disks. If the fluid in the disk is baroclinic, the angular frequency does in general depend on height and it is thus necessary to go beyond the standard shearing box approach. In this paper, we show that given a global disk model, it is possible to develop consistent models that are local in horizontal planes and global in height with shearing-periodic boundary conditions. These models can be non-axisymmetric for globally barotropic disks but should be axisymmetric for globally baroclinic disks. We provide explicit equations for this vertically global shearing box which can be implemented in standard magnetohydrodynamic codes by generalizing the shearing-periodic boundary conditions to allow for a height-dependent angular frequency. We illustrate the potential for this framework by studying a vertical shear instability in disks with cylindrical temperature structure, and examining the modes associated with the magnetorotational instability in a disk model with spherical temperature structure. The framework provided by the vertically global shearing box will benefit the study of a wide variety of astrophysical phenomena in baroclinic disks; including instabilities, convection, turbulent transport, as well as the structure and dynamics of disk coronae and winds, and the interstellar medium in galactic disks.
INTRODUCTION
Astrophysical disks play a crucial role in the formation, evolution, and fate of a wide variety of celestial objects, by mediating the transport of mass, energy, and angular momentum. Building realistic disk models is of fundamental importance for understanding, for example, protoplanetary disks around young stars, accretion flows onto stellar compact objects and active galactic nuclei, as well as the interstellar medium in galactic disks. The large dynamic range involved makes it particularly challenging to produce detailed global numerical simulations of these systems. Moreover, while global models allow us to investigate large-scale phenomena, local models with a hierarchy of increasingly complex microphysics have proved critical to elucidating the processes that are crucial at small scales. Because of this, several types of local approximations have been employed for studying astrophysical disks. Hill (1878) pioneered the use of a local approximation to study the dynamics of particles orbiting a host system and subject to encounters with a perturber, and used it to study the motion of the Moon. Spitzer & Schwarzschild (1953) and Goldreich & Lynden-Bell (1965) applied these ideas to galactic disks using the concept of a locally shearing coordinate system. This approach constitutes the basis of the shearing sheet framework which has been widely used to study the dynamics of orbiting particles and planetesimals, as well as local processes in hydrodynamic and magnetohydrodynamic disks. The implementation of the concept behind the shearing sheet, with an appropriate shear-periodic radial-boundary condition (Wisdom & Tremaine 1988) , forms a computational model used for studying local disk dynamics referred to as the shearcmcnally@nbi.dk, mpessah@nbi.dk ing box (Hawley et al. 1995; Brandenburg et al. 1995) .
Shearing box models solve the equations of motion for the fluid in a local cartesian frame co-rotating with the disk at a fiducial radius. In the standard framework, the differential rotation of the disk is locally accounted for with a height-independent angular frequency. This is appropriate for barotropic disks for which the pressure is only a function of density and thus rotate on cylinders. The standard shearing box framework (SSB) relies on a first order expansion of the steady bulk flow in the radial direction, which is the highest order compatible with shearing periodic boundary conditions. Depending on whether zeroth or first order expansions are considered for the gravitational field in the direction perpendicular to the disk, usually denoted with the coordinate z, this leads to the so called unstratified (Hawley et al. 1995 or stratified (Brandenburg et al. 1995; shearing box models. These approximations are appropriate when the disk is thin and the vertical scales of interest are small compared to the fiducial disk radius. There have been works that retained the correct expression for the vertical component of the gravitational field (Matsuzaki et al. 1997; Korpi et al. 1999) , allowing for larger vertical domains to be considered. However, this generalization does not allow to study baroclinic disks without relaxing the assumption that the angular frequency is height-independent. In the early formulation of the shearing sheet, Goldreich & Lynden-Bell (1965) avoided making any approximation in height (z), which is possible when considering barotropic fluids.
Baroclinic astrophysical disks, for which the pressure is not solely a function of density, posses angular frequency profiles that depend in general on height, especially if these are not thin. Therefore, building a framework to study these disks demands going beyond the standard shearing box, where the assumption that the angular frequency is height-independent is rooted deep. In this work, we generalize the standard shearing box by considering the full height-dependence of a steady state, axisymmetric bulk flow to leading order in radius, without making any expansion in the vertical coordinate. We show that given a global disk model, it is possible to develop consistent models that are local in horizontal planes and global in height and are amenable to shearing-periodic boundary conditions. These models can be non-axisymmetric for global barotropic disks but should be axisymmetric for global baroclinic disks. We term the resulting framework the vertically global shearing box (VGSB). This formalism provides a novel framework to investigate dynamical aspects of astrophysical disks that cannot be studied with the standard shearing box and for which full global modeling is too demanding.
The paper is organized as follows. We derive the equations involved in the VGSB framework in Section 3, providing some of the algebraic details in Appendix A. We state the final form of the VGSB equations and discuss its novel features in Section 4. For convenience, we provide a self-contained summary of the VGSB equations that can be incorporated in magnetohydrodynamic codes in Appendix B. We use this new framework to explore the behavior of two important instabilities in a baroclinic context. We demonstrate that a linear vertical shear instability, akin to those studied by Goldreich & Schubert (1967) ; Fricke (1968) and Nelson et al. (2013) , appears in the VGSB in Section 5. We examine some basic aspects of the magnetorotational instability in the VGSB in Section 6. We conclude by briefly discussing several potential applications of the VGSB in Section 7.
EQUATIONS OF MOTION
We are concerned with the equations of ideal magnetohydrodynamics, in cylindrical coordinates (r, φ, z), in a reference frame rotating with angular frequency Ω F = Ω Fẑ , i.e.,
Here, ρ is the mass density, v is the fluid velocity in the rotating frame, B is the magnetic field, with ∇ · B = 0, e is the internal energy density, P (ρ, e) is the pressure determined through an equation of state, and Φ(r, z) is the gravitational potential, which is assumed to be cylindrically symmetric, but not necessarily spherical. The current density is J ≡ ∇ × B/µ 0 , with µ 0 a constant dependent on the unit system adopted. Fluid flows described by these equations are subject to conservation laws. It is thus important to understand under what circumstances these properties are satisfied by the equations describing the local dynamics involving expansions of the original set of equations. It is easy to show that the approximations embodied in the standard isothermal shearing box are such that the vortex lines of an inviscid flow are frozen into the fluid (Kelvin's Circulation Theorem) and that the magnetic flux is also frozen into the fluid in the absence of magnetic dissipation (Alfvén's Frozen-in Theorem) .
Understanding under what conditions these properties also hold for the equations of motion that result from invoking a local approximation of global disk models which are baroclinic is more subtle. Here, we state the general versions of the aforementioned theorems in order to prepare the ground to address these issues in subsequent sections. These conservation theorems can be derived by calculating the Lagrangian derivative of the fluxes associated with the vorticity and the magnetic field. It is thus useful to recall that, see e.g., (Blackman 2013) , any vector field Q satisfies
where the integral is carried over an open surface advected by the flow with velocity v.
2.1. Kelvin's Circulation Theorem The momentum equation (2) for an an inviscid, unmagnetized, barotropic flow in the rotating frame is given by
where Θ = Φ + h is the generalized gravito-thermal potential, where h is the enthalpy, with dh = dP/ρ. The equation governing the evolution of the vorticity is thus
which preserves the solenoidal character of the vorticity. This implies that, by virtue of Equation (5) with Q = ∇×v+2Ω F , vortex lines are frozen into the fluid, i.e., the flow preserves the circulation Γ
where L is a closed contour, delimiting the open surface S, advected by the flow with velocity v.
2.2.
Alfvén's Frozen-in Theorem The induction equation (3) preserves the divergence of the magnetic field, i.e.,
This implies that, provided that ∇·B = 0 at some initial time, the magnetic flux remains frozen into the fluid, i.e.,
with
This follows from Equation (5) with Q = B and the induction equation (3).
THE VERTICALLY GLOBAL, HORIZONTALLY LOCAL

APPROXIMATION
We seek to derive a set of equations that describe the local dynamics of the magnetized fluid with respect to a known steady state bulk flow around a point co-rotating with the disk at a distance r 0 . Here, we outline the steps of the derivation, which is carried out in detail below.
1. We find a suitable steady flow and background equilibrium, which enables the derivation of exact equations of motion for the departures from this solution.
2. We transform to a locally cartesian coordinate system. We expand the bulk flow and background equilibrium to leading order in the radial direction leaving the direction perpendicular to the disk midplane unaltered.
3. We determine under which circumstances the resulting equations are amenable to being solved with shearingperiodic boundary conditions, which could depend on height for baroclinic disk models.
We show explicitly these steps for the momentum and induction equations, while we state the results for the continuity equation and energy equation that are simpler to work with.
Equations for Departures from Background Equilibrium
Bulk Flow and Background Equilibrium
As in the standard shearing box, we first seek a steady background flow. In this case, we will not make any a priori assumptions about the z-dependence of the angular frequency.
We begin by noting that the momentum equation (2) admits a force-free, steady state solution V ≡ V (r, z)φ, with
where the angular frequency is
and the vertical, hydrostatic pressure gradient satisfies
Here, ρ h (r, z) and e h (r, z) are the mass density and energy density associated with the steady state background flow.
Momentum and Induction Equations
Using Equations (14) and (15) we can recast the gravitational force in the momentum equation (2) in terms of the angular frequency and the pressure gradient, both corresponding to the steady state bulk flow. We obtain
The velocity field describing the departure from the bulk flow satisfying Equations (13)-(15)
evolves according to the momentum equation 1 ,
This equation is exact and it displays the particular feature that the last term on the left hand side resembles the Coriolis acceleration, with one important difference. The angular frequency involved is not the fixed angular frequency of the rotating frame, Ω F , but rather the angular frequency of the steady state flow, Ω(r, z). As a quick consistency check, note that if P (ρ, e) = P (ρ h , e h ) and J × B = 0 then there are no departures from the steady state bulk flow, i.e., w = 0. Taking the induction equation (3) and replacing the velocity field with v ≡ V (r, z)φ + w yields, after some algebra,
3.1.3. Background-Flow Advection and Shear Rate
The fact that the speed of the background flow V ≡ V (r, z)φ depends, in general, on height implies that the departures from the bulk flow will be advected and sheared in a height-dependent way. This motivates the definition of the advection operator
which is defined so that it acts on scalar fields, such as the density ρ, and on each of the components of a vector field, e.g., w and B, but not on the unit coordinate-vectors, i.e., D{r,φ} = 0. It is also convenient to define the shear rate
Using these definitions, Equations (18) and (19) become, without approximations,
3.2. Local Approximation in Horizontal Planes We now seek to derive a set of equations of motion which is local in radius and azimut by expanding Equation (22) and (23) around a fiducial point r 0 = (r 0 , φ 0 , 0). In order to simplify this task, we choose a reference frame that corotates with the bulk flow at radius r 0 , i.e.,
We also adopt a coordinate frame centered at r 0 with locally cartesian coordinates x = (x, y, z), such that x = r − r 0 and y ≡ r 0 (φ − φ 0 ), with x/r 0 1 and y/r 0 1. In this locally cartesian frame, the differential vector operators are well approximated by their cartesian versions, provided that the radial coordinate versorr(φ) ≈r(φ 0 ) 2 Because of the axisymmetric character of the background flow, in what follows, we choose φ 0 = 0 without loss of generality.
In this locally cartesian coordinate system, we can expand to leading order in (x, y) the various functions appearing in the momentum and induction equations, Equation (22) and (23), respectively.
Approximation of the Bulk Flow
The local approximations of the angular frequency, the bulk flow in Equation (13), and the advection operator in Equation (20) yield
Here, we have defined the local, height-dependent angular frequency, bulk flow, and shear rate, all evaluated at the fiducial radius r 0 , i.e.,
.
The operator D 0 is a height-dependent generalization of the shearing sheet advection operator originally introduced in Spitzer & Schwarzschild (1953) ; Goldreich & Lynden-Bell (1965) . In order to illustrate the action of the advection operator D 0 , Figure 1 shows the effects of considering the local bulk flow in Equation (26) that results from expanding Equation (13) to leading order in the radial direction, leaving unaltered the vertical dependence. In this particular example, we have considered a baroclinic global disk model with a cylindrical temperature structure, which is discussed in detail in Section 4.4.
Approximation of the Background Equilibrium
The fourth term on the right hand side of Equation (22) can be dealt with along the lines proposed by Goldreich & Lynden-Bell (1965) for the hydrostatic background quantities
where ρ h0 (z) ≡ ρ h (r 0 , z) and e h0 (z) ≡ e h (r 0 , z) are the leading order terms associated with the mass and internal energy density profiles of the background flow at the fiducial radius 3 . Within the level of approximation we are working at, we thus have
where the vertical acceleration induced by the background pressure gradient is balanced by gravity at the fiducial radius
with Φ 0 (z) ≡ Φ(r 0 , z), the gravitational potential evaluated at the fiducial radius r 0 .
Approximation of Momentum and Induction Equations
Using the approximations above, we arrive at expressions for the momentum and induction equations, Equation (22) and (23), which are correct to leading order in x/r 0 and y/r 0 :
Here, all the differential operators are defined in a cartesian coordinate system centered at the fiducial radius r 0 . Because we have consistently retained the leading order in all the approximations involving the bulk-flow, the two important flow properties discussed in Section 2 remain unaltered. In the case of an inviscid, unmagnetized, barotropic flow the momentum equation (35) that results from the local approximation in horizontal planes leads to
Furthermore, the induction equation (36) that results from the local approximation in horizontal planes preserves the solenoidal character of the the magnetic field, i.e.,
This implies that the magnetic flux is frozen into the fluid flow that results from the local expansion in horizontal planes, i.e.,
Therefore, the local approximation in horizontal planes leads to equations that still satisfy Kelvin's circulation theorem and Alfvén's frozen in theorem discussed in Section 2. All the explicit coordinate dependences in the equations of motion defining the standard shearing box are contained in the advection operator
which is obtained as a limit of the operator D 0 introduced in Equation (27). The explicit dependence on the coordinate x can be eliminated by the linear transformation t = t, x = x, z = z, and
In the primed coordinate system, the advection operator simply becomes D SSB 0 = ∂ t , and the equations of motion can be solved by using strictly periodic boundary conditions in horizontal planes, i.e.,
and appropriate boundary conditions for the vertical boundaries. Note that in the original coordinate system, the equations for the departures from the bulk flow satisfy shearingperiodic boundary conditions given by
Height-dependent Shearing-Periodic Boundary Conditions
Defining a consistent set of equations and boundary conditions for baroclinic disks, for which the angular frequency is in general a function of height, is more subtle.
The coordinate dependence arising through the advection operator D 0 in Equation (27) can still be removed by defining the linear transformation t = t, x = x, z = z, and
In this primed coordinate system, the advection operator is coordinate-independent, i.e., D 0 = ∂ t . Therefore, if this were the only explicit coordinate dependence then, in each horizontal plane, it would be enough to consider the heightdependent, shearing-periodic boundary conditions given by
However, the coordinate dependence induced by the terms proportional to
on the right hand sides of Equations (35) and (36) cannot be eliminated by the same coordinate transformation that removes the x-dependence in D 0 . This prevents Equation (35) and (36) from being solved with the shearing-periodic boundary conditions in Equation (45) In what follows we analyze the consequences of proceeding by neglecting the term proportional to the coordinate x in Equation (46). We thus approximate this equation as
This approximation eliminates the explicit coordinate dependence on the right hand sides of Equations (35) and (36), leading to
Because the only coordinate dependences arise through the advection operator D 0 , these equations are compatible with the height-dependent, shearing-periodic boundary conditions (45). However, the approximation embodied in Equation (47) does, in general, affect the validity of the conservation theorems discussed in Section 2. We conclude this section by showing that Equations (48) and (49) do satisfy Kelvin's circulation theorem and Alfvén's frozen-in theorem when the underlying global disk model is barotropic or when we consider axisymmetry.
Consistent Vertically Global Hydrodynamic Disk Models
It can be seen that equation (48) when applied to an inviscid, barotropic, unmagnetized flow, leads to
This means that under the conditions over which Kelvin's circulation theorem is satisfied, the approximation embodied in Equation (47) does not lead to spurious sources of circulation when considering Equation (35) instead of (48).
If the global disk model under consideration is baroclinic, the circulation Γ is no longer conserved and thus, for physical reasons, (D 0 + w · ∇) Γ is no longer expected to vanish. However, one should also realize that the approximation invoked in Equation (47) leads to a source term that contributes spuriously to the evolution of the circulation
Here, the dots represent the physical sources of circulation present in fluids which are either viscous or baroclinic. The spurious source of circulation in Equation (51) vanishes under axisymmetry. In order to demonstrate this, let us examine the integral involved. Using Stoke's theorem, it follows that
In axisymmetry, i.e., ∂ y = 0, the problem reduces to understanding the dynamics of the fluid in the (x, z) plane. Under this condition, the line integral over a closed loop vanishes. We thus infer that Equation (48) makes it possible to construct models for hydrodynamic disks, whether these are barotropic or baroclinic, that are local in horizontal planes but global in height and are compatible with the shearingperiodic boundaries. In the former case, the boundary conditions are height-independent, as in the standard shearing box, see Equation (42), while in the latter case the boundary conditions depend on height, see Equation (45).
Consistent Vertically Global MHD Disk Models
Let us now consider the implications for the induction equation. In general, neglecting the term proportional to the coordinate x in Equation (47) leads to an approximated induction equation that no longer preserves the solenoidal character of the magnetic field. More specifically, Equation (49) leads to
Taken at face value, this implies that Equation (47) induces spurious generation of magnetic monopoles that will break flux freezing even in the absence of dissipation. Therefore, in the case of a magnetized fluid, while eliminating the explicit x-dependence that can not be removed by a coordinate transformation allows the induction equation to be solved with shearing-periodic, height-dependent boundary conditions, this approximation, in general, would destroy the solenoidal character of the magnetic field. However, the spurious evolution of the divergence of the magnetic field that results from the approximation Equation (47) is absent in Equation (53) if the underlying global disk model is barotropic or axisymmetry, i.e., ∂ y = 0, is considered.
Therefore, given a global disk model, it is possible to develop consistent models that are local in horizontal planes and global in height that are amenable to shearing-periodic boundary conditions. These models can be non-axisymmetric for globally barotropic disks but should be axisymmetric for globally baroclinic disks. Under either of these conditions, the approximation invoked in Equation (47), which is necessary to employ the shearing-periodic boundary conditions given by Equation (45), does not lead to spurious source terms that could affect the evolution of the circulation, magnetic flux freezing, or the solenoidal character of the magnetic field, i.e.,
and
This motivates the development of the vertically global shearing box.
THE VERTICALLY GLOBAL SHEARING BOX (VGSB)
4.1. Equations of Motion for the VGSB Following the steps outlined in the previous section, we arrive at the expressions for the continuity, momentum, induction, and energy equations that define the framework of the vertically global shearing box (VGSB)
Here, all the operators are defined in a cartesian coordinate system centered at the fiducial radius r 0 . The only explicit coordinate dependence in the VGSB arises through the advection operator D 0 , which is linear in the coordinate x for all heights z. This implies that the equations are suitable for being solved with a vertically varying shear-periodic x-direction boundary condition. The radial and azimuthal boundary conditions for mapping a field variable
In order to completely define the problem, appropriate boundary conditions in the vertical direction must be specified. The set of Equations (57)- (60), together with the boundary conditions Equations (61)- (62) lead to consistent vertically global, radially local disk models if the underlying global disk model is barotropic or if we assume axisymmetry.
It is important to emphasize that the velocity w is the departure from the local approximation of the bulk flow and thus the total fluid velocity v in the VGSB is
where
and the local shear rate S 0 (z) is related to the generalization of the height-independent q-parameter in the standard shearing box:
At the midplane, i.e., z = 0, the flow velocity
x is the same as the steady state flow velocity in the standard shearing box. However, in global disk models where the shear rate of the flow decreases to zero at high altitude, i.e., S 0 (z) 0 and, therefore, V 0 (z) −r 0 Ω 0 (0) for z r 0 . This is just the reflex motion induced by the rotating frame. This shows that in the limit z r 0 , Equations (57)-(60) reduce to the MHD equations in the absence of a gravitational field.
4.2. The SSB as a limit of the VGSB In order to show that the isothermal, stratified standard shearing box is a limiting case of the VGSB, it is useful to recall some results that apply to barotropic fluids. If the pressure is P = P (ρ) it follows that:
i) The angular frequency Ω is independent of z. This can be derived by taking the curl of the momentum equation (6), which leads to
implying that barotropic fluids rotate on cylinders 5 , i.e. Ω ≡ Ω(r).
ii) The generalized gravito-thermal potential Θ is independent of z. This follows from the vertical component of Equation (66), because the bulk flow velocity has only an an azimuthal component. This implies that
and thus Θ ≡ Θ(r), as stated.
iii) The angular frequency can be obtained from the generalized gravito-thermal potential using the radial component of Equation (6) as
Let us now focus our attention on a global isothermal disk in the gravitational potential of a point source of mass M , i.e.,
with G the gravitational constant. The pressure is P = ρc 2 s0 , with constant sound speed c s0 , and hydrostatic balance in the vertical direction implies that the density is
where the constant p ≤ 0 and we defined the Keplerian speed
In this case, the enthalpy is simply h = c 2 s0 ln ρ, and thus the generalized gravito-thermal potential Θ = Φ + h, is
The angular frequency can be obtained from Equation (68) as
where the Keplerian frequency is
The generalized gravito-thermal potential Θ and the angular frequency Ω are both independent of height, as expected. Expanding Equations (70) and (73) in radius around r 0 , we obtain expressions for the local values the angular frequency Ω 0 and the shear rate S 0 that can be used, in the framework of the VGSB, to study isothermal disks which are not necessarily thin compared to the local radius r 0 , i.e.,
where we have defined v K0 ≡ v K (r 0 ) and Ω K0 ≡ Ω K0 (r 0 ). These expressions are useful to show that in the limit of a cold, thin disk, i.e., c s0 v K0 , the density profile be-
, with H 0 /r 0 = c s0 /v K0 , and the angular frequency and shear rate become Ω 0 = Ω K0 , S 0 = −3/2Ω K0 , respectively, and Equations (57)- (60) reduce to the equations for the standard shearing box.
4.3. New Aspects of the Baroclinic VGSB The approach that we followed in deriving the equations defining the framework of the vertically global shearing box is similar in spirit to the one employed in the derivation of the standard shearing box. This consists of expanding the steady sate bulk flow, retaining only the leading order terms in the ratio x/r 0 . The significant difference resides in that we have avoided making any expansion in the vertical direction. This allows us to retain the full height-dependence of the angular frequency. This is essential when dealing with disks in which the fluid is described by a baroclinic equation of state, since their angular frequency is in general a function of height.
In order to illustrate the new aspects that are open to examination by retaining the full height-dependence in Equations (25), (31), and (32), let us consider a baroclinic global disk model, in which the temperature is a function of the spherical radius, as in Suzuki & Inutsuka (2013) . The four panels in Figure 2 compare the temperature, density, pressure, and angular frequency corresponding to the global equilibrium of the disk model (labeled "Global"), the local equilibrium defining the vertically global shearing box (VGSB), and local equilibrium that would result in the standard shearing box (SSB).
The VGSB provides a local representation of a global baroclinic disk model, capturing effects that the standard shearing box would not be able to account for. Because the lowest order discarded in Equation (25) is O(x 2 /r 2 0 ), the radial dependence of the angular frequency is correct, to linear order in radius, for all heights. Moreover, the VGSB retains the correct global vertical gradients in temperature, density, and pressure, while neglecting the local radial variation of the isopycnic, isothermal, isobaric surfaces. This is in sharp contrast with the local equilibrium involved in the standard shearing box framework that is unable to capture the variation of the angular frequency with height, preventing its use when modeling baroclinic disks. Note also that, for the case under consideration, the equilibrium density and pressure profiles involved in the standard isothermal shearing box are less accurate than the ones associated with the VGSB.
We now consider two families of baroclinic, global disk equilibria that are characterized by angular frequencies and shear rates that depend on height, and are thus impossible to study within the standard shearing box approximation. The VGSB framework, embodied in Equations (57)- (59), together with their associated boundary conditions, can be used to produce axisymmetric, vertically global, horizontally local models for these astrophysical disks.
VGSB for Global Disk Models with Cylindrical
Temperature Structure There is a family of disk models which are isothermal in the vertical direction at any fiducial radius. These have been used, for example, by Nelson et al. (2013) . The corresponding global hydrostatic equilibrium configuration is given by
where c s stands for the sound speed, assuming an ideal gas, 
The local expansions involved in the VGSB for this global baroclinic disk model are
with v K0 = v K (r 0 ) and Ω K0 = Ω K0 (r 0 ). Note that all the explicit z-dependences in Ω 0 (z) and S 0 (z) arise only when q = 0. This is in agreement with the isothermal case, corresponding to q = 0, in which the angular frequency is independent of height. It can also be seen from inspection of these equations that in the thin disk limit, i.e., c s0 /v K0 → 0, the VGSB reduces to the standard shearing box with Ω 0 (0) = Ω K0 , V 0 (z) = 0, and S 0 (z) = −(3/2)Ω K0 , provided that z r 0 , even if the temperature depends on radius, i.e., q = 0. This is what ultimately justifies the use of a collection of standard shearing boxes to produce local barotropic models, with height-independent angular frequency at different radii, even though the underlying global disk model is baroclinic.
VGSB for Global Disk Models with Spherical
Temperature Structure A spherical temperature dependence of the form leads to a global hydrostatic disk configuration given by
Here, the power-law coefficients ν and µ are related via
and the sound speed is 
where c s0 = c s (r 0 , z) is the sound speed at the midplane at r = r 0 . Such models have been used, for example, by Suzuki & Inutsuka (2013) . The expansion of these expressions leads to the VGSB model corresponding to a global disk with a temperature structure varying in spherical shells. The local angular frequency and shear rate are, respectively,
In the limiting case in which µ = 0; the angular frequency and the shear rate take the Keplerian values at the midplane, i.e., Ω 0 (0) = Ω K0 and S 0 (0) = −(3/2)Ω K0 , and the parameter ν = v 2 K0 /c 2 s0 alone determines the disk thickness.
In the next two sections, we illustrate how the VGSB framework relates to, and extends, previous treatments of two disk instabilities that are relevant for a wide variety of astrophysical disks; namely the vertical shear instability (VSI), also known as the GSF instability (Goldreich & Schubert 1967; Fricke 1968) , and the magnetorotational instability (MRI) (Balbus & Hawley 1991) . These instabilities will be the subject of future, more detailed, work.
VERTICAL SHEAR INSTABILITY (VSI) IN THE VGSB
Unmagnetized disks with shear profiles that depend on height have been long suspected to be unstable to various instabilities that feed off this angular frequency gradient. The pioneering studies of Goldreich & Schubert (1967) and Fricke (1968) invoked local approximations in both radius and height, capturing the essence of these instabilities but leaving open questions about their global behavior. The global, nonlinear evolution of these instabilities has ben recently studied in Nelson et al. (2013) by performing numerical simulations. This work includes an extension of the original local analysis, by considering the effects of compressibility and also an approximate, vertically global linear mode analysis. In this section, we show that the VGSB formalism recovers the local dispersion relation found in Nelson et al. (2013) and can be used to address their vertically global mode analysis without approximations.
There are general considerations which are common to both local and global approaches in height. Let us first write the VGSB equations for an unmagnetized disk for which the local angular frequency and shear rate derive from a global disk model with temperature T (r) dependent on the cylindrical radius, as described in Section 4.4. Following Nelson et al. (2013) , we make the change of variables Π ≡ log ρ so that Equations (57)- (60) become
In order to derive the equations for the linear mode analysis that lead to the VSI starting from Equations (90) and (91), we proceed as follows: (i) We write the density variable Figure 3 . Eigenvalues for the vertically global analysis of the vertical shear instability (VSI) in radially local region of a disk with cylindrical temperature structure. The distribution of the eigenvalues in the complex plane, shown here in terms of the absolute value of their real and imaginary parts, presents the basic structure found in Nelson et al. (2013) . These eigenvalues are associated with surface, breathing, and corrugation modes, see Figure ( 
is the dimensionless shear rate, c s0 /r 0 Ω 0 (0) → c s is the dimensionless sound speed, etc. (iii) We assume that all the perturbations are small and axisymmetric. (iv) We focus on radial scales that are small compared to the fiducial radius r 0 and take the Fourier transform of the set of equations (90) and (91), which reduces to making the substitution f (x, z) →f (k x , z) exp(σt + ik x x), for all flow variables, Π f , w x , w y , and w z , where the tilde denotes Fourier amplitudes. This procedure leads to the following set of dimensionless equations
5.1. Vertically Local Analysis of VSI Let us first show that the equations for the VGSB lead to the dispersion relation derived by Nelson et al. (2013, section 6 .1), which is a generalization of the dispersion relation derived originally by GSF (Goldreich & Schubert 1967; Fricke 1968) , who considered an incompressible gas. In order to do this, we restrict the analysis to the vertical location about the height z = z 0 , focusing on scales that are small in both the radial and vertical direction. Note that, in this case, the convenient time scale to define dimensionless variables is Ω 0 (z 0 ) −1 . Taking the Fourier transform of the set of equations (90) and (91) reduces to making the substitution f (x, z) →f (k x , k z ) exp(σt + ik x x + ik z z), so that
where the background quantities are understood to be evaluated at z 0 and we have used that
, where g is the local value of the gravitational accelleration.
The characteristic polynomial of the homogeneous system of equations (96)- (99) yields the dispersion relation in terms of dimensionless variables
This result is equivalent to the equation one before Equation (32) in Nelson et al. (2013) . Therefore, the dispersion relation of the vertical shear instability present in global disk models with height-dependent angular frequencies is correctly obtained by the VGSB framework.
5.2. Vertically Global Analysis of VSI In this section we perform a vertically global analysis of isothermal, axisymmetric unmagnetized perturbations by solving the coupled set of ordinary differential equations (92)-(95). For a fixed radial wavenumber k x 1, the solution to the eigenvalue problem defined by these equations yields a set of eigenfunctionsΠ f ,w x ,w y , andw z associated with the eigenvalues σ. We are particularly interested in finding the modes with growing amplitude, i.e., where the real part of the eigenvalue σ r > 0.
We illustrate the eigenmodes present in a disk model with cylindrical temperature structure T (r), as presented in Section 4.4, in Figures 3 and 4 . We consider as an example a global disk model with p = −1.5, q = −1.0, and the finite domain −8 ≤ z/H c ≤ 8, where H c /r 0 = c s0 /v K0 and c s0 /v K0 = 0.1. We solve the problem corresponding to a single radial wavenumber k x = 2π/(10 −2 ), associated to a wavelength of 10 −2 r 0 , as follows. We discretize the problem in terms of Chebyshev cardinal functions on the GaussLobatto grid, and the boundary conditionw z = 0 is enforced by the "boundary bordering" method (Boyd 2000) . We vary the resolution, using a maximum of 1200 grid points (yielding a 4800 by 4800 matrix) to obtain the converged eigenvalues shown. We find that the basic pattern of modes in Figure 3 agrees with the approximate analysis carried out by Nelson et al. (2013) , who solved a second order differential equation that results from combining and approximating Equations (92)-(95). In order to facilitate making a connection to their findings, we discuss the modes that we obtained using their terminology.
The eigenvalues have the symmetry in the complex plane σ = ±(|σ r | + sign(k x )|σ i |). The fastest growing modes are a branch of "surface" modes with degenerate eigenvalues. The top row in Figure 4 illustrates the fastest growing pair of modes, which share the same structure, mirrored across z = 0. A branch of eigenvalues proceeding from the origin of the complex plane contains the fundamental body modes, which are associated with "corrugation" and "breathing" modes. Like in Nelson et al. (2013) , the eigenvalue closest to the origin is associated with the fundamental corrugation mode, shown in the middle row of Figure 4 . Next on this branch is the fundamental breathing mode, shown in the bottom row of Figure 4 . Unlike the modes found by Nelson et al. (2013) , these modes have rapid oscillations at high altitudes, however, in that calculation the domain was limited to z/H c = ±5. Finally, a long tail of "body" modes proceeds along the imaginary axis. It is not clear where, or if, this sequence ends, and higher resolution calculations will be required to determine this. At much higher frequencies |σ i |/Ω 0 ∼ 200, a series of converged, very slowly growing modes appears in the calculation.
The prodigious number of fast growing surface modes which appear in this calculation as the vertical size of the domain is increased suggests that magnetic fields will be a significant consideration in the astrophysical context for vertical shear instabilities. In the low density regime high above the disk midplane the very low density gas will almost certainly be ionized in many types of astrophysical disks; the presence of magnetic fields ought then to have a significant impact on the dynamics of these instabilities.
MAGNETOROTATIONAL INSTABILITY IN THE VGSB
Following, and extending, the general technique of Latter et al. (2010) , we perform a linear stability analysis of the MRI in the framework of the VGSB. 3 In order to derive the equations for the linear mode analysis that lead to the MRI, we assume a homogeneous background magnetic field B = B 0ẑ and examine the evolution of the perturbations of the form f (z) exp(σt) for the velocity and magnetic field components w x , w y , B x , B y , considering δρ = w z = 0. Upon substitution in Equations (57)- (60) and linearizing in the perturbation amplitudes, the equations for the perturbation are
In a similar way as we did for the VSI, it is convenient to use the scales of length and time provided by r 0 and Ω 0 (0) −1 in order to define dimensionless variables, i.e., x/r 0 → x and tΩ 0 (0) → t, etc. Note that the time unit of the growth rate σ is 1/Ω 0 (0), so its actual value will depend on the parameters of the shearing box model employed.
The set of Equations (101)- (104) generalize Equations (12)-(15) in Latter et al. (2010) , to include the effects of height-dependent angular frequency and shear rate that arise in the context of baroclinic disk models 6 . In order to illustrate how the MRI modes are affected, we examine the spectrum of growing modes present in a disk with spherical temperature structure, T ( √ r 2 + z 2 ), as discussed in Section 4.5, taking as an example the µ + ν = 8. These values corresponding to a scale height of H s /r 0 = √ 2c s (0)/v K0 = 0.5, and magnetic field strength B 0 /(r 0 Ω 0 (0) µ 0 ρ 0 (0) ) = 0.1.
We solve the eigenproblem posed by Equations (101)- (104) by discretizing in the infinite domain −∞ < z < ∞ in terms of rational Chebyshev cardinal functions on the "roots", or interior grid. For the set of chosen parameters, 200 grid points were sufficient to obtain converged results. We adopted the same set of boundary conditions used in Latter et al. (2010) , i.e., B x = B y and dw x /dz = dw y /dz = 0. To make the problem numerically tractable, we limit ρ 0 (z) to a minimum value of 10 −8 , which is equivalent to limiting the Alfvén speed at high altitudes. The VGSB model of this particular disk model has one more unstable eigenmode than the standard shearing box. Note that our VGSB analysis yields growth rates scaled by Ω 0 (0), which is smaller than the Keplerian frequency. Thus, even though the parameters charac- Figure 5 . Illustration of the velocity field components wx (solid line) and wy (dashed line) corresponding to the (normalized) MRI modes, which have been ordered from top to bottom from fastest to slowest growth rate, as shown in the uppermost set of panels. The results obtained in the standard shearing box used in Latter et al. (2010) are shown on the left, whereas the modes computed in the vertically global shearing box, representing a radially local region of a disk with spherical temperature structure, are shown on the right.
terizing the specific VGSB model do not appear explicitly in the linear analysis, the physical values obtained do depend on them. If we consider µ = 3, then in the VGSB model analyzed here Ω 0 (0) = ν/(ν + µ) Ω K0 = 3/8 Ω K0 . This implies that the physical growth rate of the MRI is smaller in the VGSB model of this particular disk than in the standard shearing box. In addition to solving the eigenproblem for the VGSB, we solve the matching problem for the standard shearing box by using an isothermal disk with the same midplane density and scale height H s as used in the VGSB. The magnetic field and velocity perturbations of the eigenmodes, shown in Figures 5 and 6 , are directionally orthogonal in the standard shearing box, whereas in the VGSB this is not the case. The eigenmodes in the VGSB are generally more complex, and, as it can be seen from these figures, they do not appear to have such a simple ordering in terms of the number of nodes as the standard shearing box eigenmodes do. Because of its inherent local character, the framework provided by the standard shearing box is well suited to study physical processes involving scales that are smaller than the characteristic disk scales. Global disk simulations, which are becoming ever more accessible (Flock et al. 2011; Hawley et al. 2011) , are useful for understanding the large-scale disk dynamics but face the challenge of resolving the physical processes at small scales. In order to understand how local and global processes interact, it is desirable to devise a framework to bridge local and global approaches. Hence, there have been several initiatives to relax the local character of the standard shearing box.
Previous Works Beyond the Standard Shearing Box
The periodic "shearing disk" annulus introduced in Klahr & Bodenheimer (2003) relaxes the condition of azimuthal locality by building a radially periodic annulus and remapping quantities across the radial background according to an imposed power-law radial disk structure. This approach involves equations which have explicit coordinate dependence in the direction where the computational domain is shear-periodic. Therefore, the flow properties present a jump at the shearing boundary, which might lead to unphysical effects. In this con-text, the formulations presented in Brandenburg et al. (1996) and Obergaulinger et al. (2009) complement each other in the sense that they retain the terms accounting for finite curvature but discard global gradients and vice-versa, but both lead to similar issues.
There have been several attempts to make the stratified shearing box global in height. Foremost, Goldreich & Lynden-Bell (1965) treated the case of a polytropic gas, but only made local expansions in the horizontal direction. An early example of modifying the vertical gravity in a standard shearing box is given in Matsuzaki et al. (1997) , where the full z-dependence of the vertical component of the gravitational force is considered with an isothermal gas. Several other authors have used similar approaches, for both galactic (e.g. Korpi et al. 1999) and Keplerian disks (e.g. Suzuki et al. 2010) . These works assume that all the global effects in the vertical direction can be accounted for by modifying only the momentum equation in the z-direction and exclusively through the term 7 ∂ z Φ 0 (z)ẑ. When the gas in the global equilibrium configuration is strictly baroptropic, it must rotate on cylinders, and the height-independent shear in the standard shearing box is a consistent approximation. Importantly, in the case that the gas is assumed to be isothermal, the standard shearing box provides a consistent approach if the global disk configuration, at all radii, is isothermal. If another equation of state is used, or if the global configuration of which the shearing box is a small part has a radial temperature gradient, then the VGSB provides a more consistent approximation, with important modifications beyond the standard shearing box formalism, see Equations (57)-(59).
New Aspects of the Vertically Global Shearing Box
The framework of the VGSB allows, for the first time, to develop models for astrophysical disks which are local in radius but global in height. This is critical to study astrophysical disks that cannot be described by a barotropic equation of state, as these, in general, do not rotate on cylinders and are thus not amenable to the standard shearing box framework (see Figure 1) . The VGSB naturally accounts for heightdependent radial and vertical flux of fluid and electromagnetic momentum in the azimuthal direction. This is relevant for the dynamics of baroclinic disks, especially if these cannot be regarded as thin. Physical domains with a large vertical extent allow for the global magnetic field threading the disk to be efficiently anchored into the surrounding medium. The coupling between stresses and shear, both radial and vertical, can efficiently transport momentum and energy to/from the disk. We envision that these effects will have important consequences, for example, in the study of the coupled dynamics between disks and their coronae and winds.
Applications
We anticipate that the VGSB framework, summarized in Appendix B, will benefit the modeling of a wide variety of phenomena in astrophysical disks. The advances made possible with respect to the standard shearing box will depend on the nature of the physical phenomena under study, e.g.:
Hydrodynamic Disk Instabilities -The VGSB framework may be used for the local study of vertical shear instabilities, such as Goldreich-Schubert-Fricke (GSF) instability (Goldreich & Schubert 1967; Fricke 1968 ) and generalizations (Nelson et al. 2013) . We have demonstrated in Section 5 that the VGSB captures the correct local linear behavior. It should also be useful to analyze the propagation of hydrodynamic waves in disks (Lubow & Pringle 1993; Korycansky & Pringle 1995) .
Disk Convection -Vertical convective instabilities in disks (Lin & Papaloizou 1980) have been studied with the standard shearing box as an angular momentum transport mechanism. Though early studies (Ryu & Goodman 1992; Cabot 1996; gave negative results, Lesur & Ogilvie (2010) have suggested that earlier models are under-resolved, and outward angular momentum transport is possible. Given that convection can lead to fluid motions far away from the disk midplane, the VGSB naturally provides a more consistent framework to investigate these issues.
Disk Coronae -Previous standard stratified shearing box simulations show the buoyant rise of magnetic field to the upper disk layers (Miller & Stone 2000; Davis et al. 2010) , where it is thought to dissipate giving rise to a hot corona (Galeev et al. 1979) . If the disk is not barotropic, The fact that the shear, i.e., the source of free energy, decreases with height can have important implications for the turbulent disk dynamics and energetics in the disk corona. This could affect the vertical disk structure (Turner 2004; Johansen & Levin 2008; Blaes et al. 2011 ) and its corona (Blackman & Pessah 2009 ). These effects could be important for thick disks, such as advection dominated accretion flows (ADAFs) (Ichimaru 1977; Narayan et al. 1998; Blandford & Begelman 1999) .
Disk Winds -Standard shearing boxes extended in height have been used to study the magnetorotational instability (MRI) (Balbus & Hawley 1991) as a mechanism for launching disk winds (Suzuki & Inutsuka 2009; Suzuki et al. 2010; Ogilvie 2012; Moll 2012; Bai & Stone 2013 ) though only in the framework provided by modifying the gravitational forces through the term ∂ z Φ 0 (z)ẑ. We have shown in Section 6 that the linear MRI is modified by effects included in the VGSB for baroclinic disks. Because the wind dynamics are particularly sensitive to the forces acting on the fluid far away from the midplane, the VGSB provides a more consistent framework for local studies of this nature.
Interstellar Medium and Galactic Disks -In galactic disks, the VGSB makes it possible to capture critical physics for studying the non-linear evolution of the magnetorotational, Parker, and magneto-Jeans instabilities (Piontek & Ostriker 2005; Kim et al. 2002) . The framework provided by the VGSB also allows for the inclusion of fundamental height-dependent physical effects that can play an important role in the study of star formation, galactic dynamos, and the structure of the interstellar medium (de Avillez & Breitschwerdt 2005; Gressel et al. 2008; Joung & Mac Low 2006) .
In future papers, we will present the implementation of the VGSB framework in a magnetohydrodynamic code and investigate these outstanding problems in astrophysical disk dynamics.
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We now expand the last three terms, recalling that the differential operators involved are in cylindrical coordinates and using the definition of the bulk flow in terms of the angular frequency
∂w r ∂φr + ∂w φ ∂φφ + ∂w z ∂φẑ + 2Ω(r, z) × w − 2Ω F × w + w r r ∂Ω(r, z) ∂rφ + w z ∂rΩ(r, z) ∂zφ + w · ∇w .
This completes the expansion of the left hand side in terms of the new velocity variable w. We now proceed similarly with the right hand side of the momentum equation (16), RHS for short, by substituting v = V(r, z)φ + w and expanding
= −Ω 2 (r, z)r + 1 ρ h
Equating the left hand side expression (Equation A6) and the right hand side expression (Equation A9) and canceling out the term −2Ω F × w which appears on both sides, the momentum Equation 16 becomes, without approximation, ∂w ∂t + [Ω(r, z) − Ω F ] ∂w r ∂φr + ∂w φ ∂φφ + ∂w z ∂φẑ + w · ∇w + w r r ∂Ω(r, z) ∂rφ + w z ∂rΩ(r, z) ∂zφ + 2Ω(r, z) × w
which corresponds to Equation (18).
As stated in Section 3.1.1, a cancellation of terms from the left and right hand sides of the momentum equation results in the term Ω(r, z) × w that looks similar to the Coriolis acceleration, i.e., Ω F × w, but with the angular frequency Ω(r, z) taking the place of the constant angular frequency of the rotating frame Ω F .
B. SUMMARY OF THE VGSB EQUATIONS
Here we provide a self-contained summary of the equations defining the vertically global shearing box (VGSB).
VGSB Equations -The continuity, momentum, induction, and energy equations in the VGSB are, respectively, given by
D 0 e + ∇ · (ew) = −P (∇ · w) .
Here, ρ is the mass density, w ≡ v − [V 0 (z) + S 0 (z)x]ŷ is the velocity with respect to the local bulk flow in the disk, B is the magnetic field, and e is the internal energy density. The pressure P is determined as a function of ρ and e, through an appropriate equation of state. The current density is J ≡ ∇ × B/µ 0 , with µ 0 a constant dependent on the unit system adopted. All the operators in the VGSB equations are defined in a cartesian coordinate system centered at the fiducial radius r 0 . For barotropic background disc structures, the above equations can be used in fully three dimensions, while for baroclinic background disc structures, these equations must by restricted to axisymmetric solutions (y-invariant).
VGSB Definitions -The equations defining the VGSB framework depend on a number of functions of the coordinate z, which result from local radial expansions of the global disk model around the radius r 0 . The height-dependent advection by the background shear, D 0 (z), is given by
where Ω 0 (z), V 0 (z), and S 0 (z) correspond, respectively, to the local values of the background azimuthal velocity, angular frequency, and background shear flow, which are all derived from the angular frequency of the global disk model Ω(r, z), i.e.,
S 0 (z) ≡ r 0 ∂Ω(r, z) ∂r r=r0
The gravitational potential in the VGSB Φ 0 (z) is given by the value of the global gravitational potential Φ(r, z) at r 0 Φ 0 (z) ≡ Φ(r 0 , z) .
VGSB Boundary Conditions -For a domain with size L x × L y × L z the horizontal boundary conditions are f (x, y, z, t) = f (x + L x , y + S 0 (z)L x t, z, t) , (B10) f (x, y, z, t) = f (x, y + L y , z, t) .
which correspond to a generalization of the shearing-periodic boundary conditions adopted in the standard shearing box.
C. NEGLECTING CURVATURE TERMS
The cylindrical coordinate system that we adopt to describe the global disk model leads naturally to the presence of the quadratic terms −w 2 y /r 0x , w x w y /r 0ŷ , −B 2 y /r 0x , and B x B y /r 0ŷ in the momentum equation (35) . All of these terms are usually neglected in the standard shearing box. The terms related to the velocity field can be neglected safely when they are small compared to the corresponding components of the acceleration −w y Ω 0 (z)x and w x Ω 0 (z)ŷ. Both of these conditions lead to the inequality w y r 0 Ω 0 (z). The magnetic terms −B 2 y /r 0x and +B x B y /r 0ŷ in Equation (35) are usually absent in local studies (see Brandenburg et al. 1996 for an exception). If the magnetic field is sufficiently sub-thermal everywhere in the domain, these terms can be self-consistently dropped (Pessah & Psaltis 2005) . However, they have been commonly neglected even when this is not the case. This is perhaps because it is not obvious that retaining them will lead to a physically consistent problem in the framework of the shearing box. Consider, for example, the case of a shearing box in which a strong net azimuthal field develops as a consequence of the local disk dynamics. This could lead to the force arising from the term −B 2 y /r 0x to increase with time. However, this force cannot be balanced by an increase in the centripetal acceleration as the latter is fixed by the choice of the bulk flow (e.g. Lubow & Spruit 1995) . Note that all of this statements regarding the quadratic terms that reminisce the curvilinear nature of the original cylindrical coordinate system are independent of whether the standard shearing box, or the vertically global version developed in this paper, is considered.
